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Abstract 

We study local bifurcation from an eigenvalue with multiplicity 
greater than one for a class of semilinear elliptic equations. We evaluate 
the exact number of bifurcation branches of non trivial solutions and 
we compute the Morse index of the solutions in those branches. 
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1 Introduction and main results 

Let us consider the problem 

{—An = \u\^~^u + An in , , 

(1-1) 
n = on 

where is a bounded open domain in M''^, p > 1 and A G M. 

It has the trivial family of solutions {(A,0) | A G M}. A point (A*,0) is 
called a bifurcation point for (jLlj) if every neighborhood of (A*,0) contains 
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nontrivial solutions of (jLlj) . It is easily seen that a necessary condition for 
(A*,0) to be a bifurcation point is that A* is an eigenvalue of the problem 



We denote by Ai < A2 < • • ■ < Aj < . . . the sequence of the eigenvalues of 
the problem ()1.2|) . 

Since problem has a variational structure, the fact that A* is an 

eigenvalue of the problem (|1.2j) is not only necessary, but is also a sufficient 
condition for bifurcation to occur. More precisely in 01 and it was 
proved that for any eigenvalue Xj of (|1.2|) there exists ro > such that for 
any r G (0, tq) there are at least two distinct solutions (Ai(r), nj(r)), i = 1,2 
of (ll.lj) having ||uj(r)|| = r and in addition (Aj(r), nj(r)) — > (Aj,0) as r ^ 0. 

A very interesting problem is to find the structure of the bifurcation set 
at any eigenvalue Xj, namely the set of nontrivial solutions (A,n) of (|1.H) in 
a neighborhood of Xj. In [7j the authors provide an accurate description in 
the case of a simple eigenvalue, by showing that the bifurcation set is a 
curve crossing (Xj,0). If the eigenvalue Xj has higher multiplicity, in 0^ the 
author describes the possible behavior of the bifurcating set by showing that 
the following alternative occurs: either (Aj,0) is not an isolated solution of 
in {Xj} X Hq{Q), or there is a one-sided neighborhood U of Xj such 
that for all A G U \{Xj} problem has at least two distinct nontrivial 
solutions, or there is a neighborhood / of Xj such that for all A € / \ {Xj} 
problem has at least one nontrivial solution. We also quote the results 
obtained in where the author gives a more precise description of the 
bifurcation set. 

A natural question arises: which is the exact number of nontrivial solu- 
tions of bifurcating from any eigenvalue Xj? 
This question is the object of the present paper. 

Let us fix an eigenvalue Xj with multiplicity k, i.e. Aj_i < Xj = ■ ■ ■ = 
Xj+k-i < Aj+fc < . . . . In view of the discussion above, we are mainly 
interested in the case j > 2 and k > 2, though our results hold also for j = 1 
or k = 1. 

We state our first main result. 

Theorem 1.1. There exists 6 = 5{Xj) > such that for any X G (Aj — 5, Xj) 
problem (|l.lj) has at least k pairs of solutions {ux,—ux) bifurcating from Xj. 
Moreover, associated to each ux there exist real numbers aj^,...,o^ and a 
function (ji>;^ € X (see (|2.4|) and 1)2. 5p ), with {(j)x, Cj) = for i = 1, . . . , k such 




(1.2) 
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that 



«A = (Aj-A)p-i Yl 



a'xei + (f)x 




a\ (1.3) 



.i=l 



where a := (a^, . . . , a*') 
defined by 



is a critical point of the function Jx 



k 



1 



/ 



\P^^dx. (1.4) 



P+ 1 



aiei H h afcCfc 



n 



Here ei, . . . , e^, are /c orthogonal eigenf unctions associated to the eigenvalue 
Xj such that \\ei\\i2 = 1 for any i = 1, . . . ,k. 

We point out that the existence of at least 2k nontrivial solutions bifur- 
cating from the eigenvalue Xj was already known (see jS], ^3] and [S], 
in] and the references therein for the critical case). But in Theorem ll.il we 
also describe the asymptotic behaviour of those solutions as A goes to Xj. 
In particular we find out a relation between solutions to problem (|1.1() bi- 
furcating from the eigenvalue Xj and critical points of the function Jx ■ the 
solution ux which satisfies (|1.3() is "generated" by the critical point a. This 
suggests that the solution ux "generated" by a can inherit some properties 
of a. More precisely we prove the following result. 

Theorem 1.2. Assume a is a non degenerate critical point of the function 
Jxj with Morse index m. Then there exists 6 = 5{Xj) > such that for any 
X G {Xj — 5,Xj) problem (|1.1|) has a unique solution ux bifurcating from Xj 
which satisfies H1.3|) . Moreover ux is non degenerate and its Morse index is 
m + j — 1. 

Moreover, it also suggests that the number of nontrivial solutions to (|1.1|) 
bifurcating from the eigenvalue Xj coincides with the number of nontrivial 
critical points of Jx^- In fact we have the following result. 

Theorem 1.3. Assume the function Jxj defined in (|1.4|) has exactly 2h 
non trivial critical points which are non degenerate. Then there exists 6 = 
S{Xj) > such that for any X € {Xj — S,Xj) problem (|l.lj) has exactly h 
pairs of solutions {ux, —ux) bifurcating from Xj and all of them are non 
degenerate. 

The last theorem allows us to give an accurate description of the bifurca- 
tion branches from any multiple eigenvalues when O is a rectangle in (see 
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ExamDle l6.2() and also from the second eigenvalue when is a cube in (see 
Example I6.3() . provided p = 3. We point out that when Q = (0, vr) x (0, vr) is 
a square in R'^ and p is an odd integer, in [S] the authors studied the bifurca- 
tion from the second eigenvalue A2 and they proved that the bifurcation set 
is constituted exactly by the union of four curves crossing (A2,0) from 
the left. We also remark that some exactness results in bifurcation theory 
for a different class of problems were obtained in jlHj . 

The proof of Theorem II. II is based upon a Ljapunov- Schmidt reduction 
method (see, for example, .2,, [SI, ^^l, ffl])- The proofs of Theorem ll.2l and 
Theorem 11.31 rely on the asymptotic estimate H1.3() , which links nontrivial 
solutions of bifurcating from Aj and critical points of the function . 

The paper is organized as follows: in Section 2 we introduce some no- 
tation, in Section 3 we reduce problem to a finite dimensional one, in 
Section 4 we study the reduced problem and we prove Theorem ll.il in Sec- 
tion 5 we prove Theorem 11.21 and Theorem 11.31 and in Section 6 we discuss 
some applications. 

In order to make the reading more fluent, in many calculations we have 
used the symbol c to denote different absolute constants which may vary 
from line to line. 



2 Setting of the problem 

First of all we rewrite problem Hl.l|) in a different way. We introduce a pos- 
itive parameter e. An easy computation shows that, if u{x) solves problem 

Hl.l|) . then for any e > the function v{x) = e~p--^u{x) solves 

e\v\^~^v + Af in , , 

(2-1) 

on d^l. 

The parameter e will be chosen in Lemma 14.21 as e = Aj — A > 0. 

Let Hj(Q) be the Hilbert space equipped with the usual inner product 

{u,v) = f VuVv, which induces the standard norm |[n|| = ( / [Vup)^''^. 
n n 




If r G [1, +00) and u G L'^{Q,), we will set \\u\\r = ( / 



n 

2N 



Definition 2.1. Let us consider the embeddings i : Hq($7) ^ L^~2(f2) if 

2N 

N >3 audi : UUn) ^ n L9(S7) if N = 2. Let i* : L^(0) — > Hj(0) 

q>l 

if N > 3 and i* : U L'?(17) — > Uni^) if N = 2 be the adjoint operators 
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defined by 

i*{u)=v •^^=> (y,ip) = I u{x)ip{x)dx V 99 G Hj(r2). 



It holds 



\i* (u) \\ <c\\u\\^ for any ueL^in), if iV > 3, (2.2) 



iV+2 

\\i*iu)\\ < c{q)\\u\\g for any u e L'^{n), q > I, if iV = 2. (2.3) 

Here the positive constants c and c{q) depend only on ^1 and N and 0,, N 
and q, respectively. 

Let us recall the following regularity result proved in which plays a 
crucial role when p > and > 3. 

Lemma 2.2. Let N > 3 and s > 7fe2- ^/^^ ^ L^v+2i(J7), then i*{u) G L^(0) 
and ||i*(n)|L < cllull jvs , where the positive constant c depends only on Q, 

N+2s 

N and s. 

Now, we introduce the space 

X = Rl{n) if either iV = 2 or > 3 and 1< p < ^ (2.4) 

or 

X = Rlifl) n L%n), s = , if > 3 and p > (2.5) 

We remark that the choice of s is such that ^^2s — ^ ^^^^ that will be 
used in the following. 

X is a Banach space equipped with the norm \\u\\x = \\u\\ in the first 
case and ||m||x = ll^^ll + ||'u||s in the second case. 

By means of the definition of the operator i* , problem (|2.1|) turns out to 
be equivalent to 

(u = i*[ef{u) + Xu] 

[uex, 

where /(s) = |s|^~"'^s. 

Now, let us fix an eigenvalue \j with multiplicity k, i.e. Aj_i < Xj = 
• • • = Aj_|_fe_i < Xj+k < • • • • We denote by ei, . . . , e^, k orthogonal eigen- 
functions associated to the eigenvalue Xj such that ||ej||2 = 1 for i = 1, . . . ,k. 
We will look for solutions to 1)2. or to ()2.6|) . having the form 

k 

u{x) = ^ a\ei{x) + (px{x) = axe + (px, (2.7) 
1=1 
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where a\ G M, the function (j)x is a lower order term and we have set a := 

k 

(a^, . . . , a^), e := (ei, . . . , e^) and ae := Yl 

We consider the subspace of X given by Kj = span {a \ i = 1, . . . , k} 
and its complementary space Kj- = {(/> G X | (0, Cj) = 0, i = 1, . . . , k} . 
Moreover let us introduce the operators 11^ : X ^ Kj and Hj- : X — > Kj- 

defined by I^j{u) = Yli=i{'^^ and nj-(u) = u — I[j{u). We remark that 
there exists a positive constant c such that 

||nj(n)||x <c||n||x, lln^^Hllx <c||^i||x VuGX. (2.8) 

Our approach to solve problem (|2.(i)) will be to find, for A close enough 
to Xj and e small enough, real numbers a^, . . . , a'^ and a function </) G iCj*- 
such that 

{ae + <j3- i* [ef {ae + </>) + A(ae + 0)]} = (2.9) 

and 

{ae + - r [e/ (ae + </>) + A(ae + 0)]} = 0. (2.10) 



3 Finite dimensional reduction 

In this section we will solve equation 1)2. 9(1 . More precisely, we will prove 
that for any a G M'^, for A close enough to Xj and e small enough, there 
exists a unique 4> G Kj- such that (|2.9() is fulfilled. 

Let us introduce the linear operator Lx : Kj- Kj- defined by Lx{(t>) = 
cj^-Uj{i* [A0]}. 

We can prove the following result. 

Lemma 3.1. There exists 5 > and a constant c > such that for any 
X G (Aj — 6, Xj + 6), the operator Lx is invertible and it holds 

\\Lx{mx>cU\\x y<PeK^. (3.1) 

Proof. First of all, we remark that Lx is surjective. 

Concerning the estimate, we prove our claim when N > 3 and p > ^-r|) 
and we argue in a similar way in the other cases. 

Assume by contradiction that there are sequences (5„ ^ 0, A^ — > Xj and 
(/)n £ Kj- such that 

\\LXni4>n)\\x < -ll'Anllx- 
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Without loss of generality we can assume 

||(/,„||x = l foranynGN. (3.2) 
If hn := Lx^{(pn) G n|, then 

||/in||x^O (3.3) 

and 

(pn - ■i*{K<Pn) = K- 'nj{i*[Xn(t>n]} = K + Wn, (3.4) 

where Wn G Kj. 

First of all we point out that Wn = for any n € N. Indeed, multiply 

equation (|3.4() hy Ci, i = 1, . . . , k, so that {wn, Cj) = — / (pnei = 0, so that 

n 

Wn G Kj-, and then = 0. 

By ()3.2() . we can assume that, up to a subsequence, weakly in 

X and strongly in L'?(il) for any g G [l, ]|^). Multiplying (|3.4j) by a test 
function v, we get 



bn,v)-Xn J (pnVdx = {hn,v), 



and passing to the limit, by 1)3. 3|) we deduce that (j) G Kj. Since (p G 
we conclude that = 0. 

On the other hand, multiplying (|3.4|) by (/>„, we get 

(<?!'n, <An) - A„ y 0^ = (/)„), 

n 

which implies \\<pn\\ — 0. Moreover by (|3.4j) . Lemma [2.2l and by interpolation 
(since 1 < < s), we deduce that for some a G (0, 1) 

\\4>n\\s < c(\\K\\s + \\4>n\\^£^] < c{\\hn\\s + \\4>nD 
\ N+2s J 

(recall that = |) and so ||i?5*n||s 0. Finally a contradiction arises, 

since \4)nh^ = 1- □ 



Now we can solve Equation (|2.9j) . 



8 



Proposition 3.2. For any compact set W in M.^ there exist £q > 6 > ^ 
and R > such that, for any a € W, for any e € (0,eo) and for any 
A G (Aj — (5, \j + 5), there exists a unique (t)\{a) € Kj- such that 

lif {ae + 0A(a) - i* [ef (ae + M^)) + A(ae + Ma))]} = 0- (3.5) 
Moreover 



\\Ma)\\x<Re. (3.6) 

Finally, the map a i— > (px{a) is an odd C^— function from M*"' to Kj-. 

Proof. We prove our claim when > 3 and p > ■ We argue in a similar 
way in the other cases. 

Let us introduce the operator T : Kj- — > Kj- defined by 

T{cl>) := (l^i o o i*) [ef{ae + (f)] ■ 

We point out that cj) solves equation (|3.5|) if and only if </> is a fixed point of 
T, i.e. T(0) = ct>. 

Then, we will prove that there exist Eq > 0, 6 > and R > such that, 
for any a £ W, for any e € (0, eo) and for any A G (Aj — 5, Xj + 5) 

T : {0 G I UWx < Re} ^ {</> G K^ \ ||0||x < Re} 

is a contraction mapping. 

First of all, let us point out that by Lemma IXTl 1)2. 8|) . ()2.2|) and Lemma 
12.21 we get that there exists c = c{N, s, Q, W) > such that for any (j) G Kj-, 
a£W 

< ce \\\f{ae + 0)||^ + \\f{ae + cl>)\\^ 

I N+2 N+2s 

(Holder inequality) < ce\\f{ae + (t>)\\ ns < ce I ||ae||''^jvsp + ll'^lTiVsp I 

^^+25 \ N+2s N+2s J 

<ce{l + UK). 

Finally, provided e is small enough and R is suitable chosen, T maps 
{(/) G Kj- : \\(j)\\x < Re} into itself. 

Now, let us show that T is a contraction, provided e is even smaller. As 
before, by Lemma ITU (|2.8|) . (|2.2j) and Lemma 1221 we get that there exists 



9 



c > such that for any ct)2 ^ Kj-, a ^ K 



WTicPi) - r((/>2)||x < ce \\f{ae + cl>i) - f{ae + </)2)||^ 



JV+2 



+ ||/(ae + 0i)-/(ae- 



< ce\\f{ae + 0i) - f{ae + </>2) 



Ns 
N+2a 



< ce [ 1101 - (t)2\\j[sp_ + ||(/'l||jvip ||<Al - <t'2\\ Nsp + ||(/>1 - (l)2\fNsp 
N+2s lv+2l N+2s Iv+aJ 

Indeed, by the mean value theorem, it fohows that there exists G (0, 1) 
such that f{ae + (pi) - f{ae + (j)2) = f {ae + 0i + t?(02 - (^i)) (0i - (p2)- 

Finahy \\T{(j)i) -T{(j)2)\\x < ce||0i -02||x if \\(pi\\x, 1102 ||x < -Re and our 
claim immediately follows. 

The oddness of the mapping a i— > (j)x{a) i.e. (j)x{a) = —0a (—a), is a 
straightforward consequence of the uniqueness of solutions of problem ()3.5() . 

The regularity of the mapping can be proved using standard arguments. 

□ 



4 The reduced problem 

In this section we will solve equation 1)2.10(1 . More precisely, we will prove 
that if A is close enough to Xj , there exists a\ E M'^ such that equation ()2.1fl|) 
is fulfilled. 

Let h : Hj(0) — >Rhe defined by 

I^(u) := ^ y I Vnp dx-^ j u^dx ^ j \u\p+'^ dx. (4.1) 

n n n 

It is well known that critical points of I\ are solutions of problem ()2.1|) . Let 
us consider the reduced functional J\ : M*^ — > R defined by 

Jx{a):=h{ae + <t>x{a)), (4.2) 

where 0a (a) is the unique solution of (|3.5() . 

Lemma 4.1. A function u\ := ae + 0A(a) is a solution to (|2.1|) if and only 
if a is a critical point of J\ . 

Proof. We only point out that 



dJx 

doi 



(a) = J'^ [ae + (pxia)) ^e^ + ^^(«)^ = J'x (oe + 0a (a)) (cj) : 
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since (/>A(a) solves equation 1)3.5^ and ^^(a) € Kj-. Then the claim easily 
follows. □ 

^From now on we assume 



e := Aj - A > 0. 



Lemma 4.2. It holds 

Jx{a) = {Xj-X) [Jx^{a) + <^x{a)], 



(4.3) 



(4.4) 



where J\,. is defined in ()1.4() and : M'^ — M is an even C^— function 
such that goes to zero C^ — uniformly on compact sets o/M^ as A — > Xj. 



Proof. Set 



Jxia) 



v(a). It holds (using (jOJ) 



- [ |V(ae + </))p — [ \ae + S^^'^ dx - - /"(ae + 

2y p+iy 2y 



-(A, - A) (a? + .-- + 4) 



+i I \V4>\'dx-^ I cp^dx- 

n n 
= {Xj-X) [Jx^{a) + <^x{a)], 



p + l 



\aiei H h akCkf^^ dx 



P+l 



\ae + (hr+^ -\aer+^ 



dx 



n 



where Jx is defined in H1.4() and 



^x{a) :-- 



A, -A 



2 

L n 



P + l 



[V0r dx- - I ^^dx 



\ae + 6\P+^ - \aef+^ 



dx. 



a 



Here we used the fact that (j>Xj{(^) = Va, as it is clear from ()3.6p . 

Of course $a is even and of class . It remains to prove that it goes to 
zero C^-uniformly on every compact subset of M'^ as A — > Xj, that is, as 
e ^ 0. 

Let us fix a compact set W in R'^. It is easy to check that 



|^A(a)l < + c||0||x < ce, for any aeW. 
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Indeed, by the mean value theorem we deduce that there exists i9 G (0, 1) 
such that 



1 



p+1 



\ae + d)\P-^^ - \ae\P+^ 



dx = f {ae + 'd(j)) 4> dx. 



Therefore $a goes to zero uniformly on as A ^ Aj, since ||0||x < Rs by 
(ESI). 

Now, let us prove that also goes to zero as A ^ Aj uniformly on 



W . Indeed, fix i = 1, . . . , and evaluate 



d^x{a) 1 



da,: 



A, -A 



V(f) ■ — — dx — X 



dai 



dx 



ae + (l)\P '{ae + (l))[ei + —- 

dai 



laeP ^aecj 



(4.5) 



dx. 



By (|3.5() . for every z G Kj- we have 



Then, taking z = € Kj-, by (|4.5() we deduce 



dai 



\f{ae + (t)) - f{ae)] Cidx 



and so 



d^x{a) 



dai 



(a) 



< c||(?i)||x < ce, for any a G W . 



Indeed, again by the mean value theorem we deduce that there exists 
"d £ (0, 1) such that 



[f {ae + (p) — f (ae)] ei dx = / f' {ae + dcj)) (pCidx. 



Therefore, also V$a goes to zero uniformly on as A — > Aj. 



□ 



Proposition 4.3. There exists 5 > {) such that for any A G (Aj — (5, Aj) the 

function J\ has at least k pairs {ax, —ax) of distinct critical points. Moreover 
ax ^ a as X goes to Xj and a is a critical point of Jxj (see (jl.4j) ). 
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Proof. First of all, we note that Ja(0) = and also that Jx is an even 
function. Moreover (see (|1.4() ). it is clear that there exist i? > r > such 
that 



inf JxAa) > J\AO) = > sup JxAa). 

H=r \a\=R 



Therefore, by Lemma we deduce that, if A is close enough to Xj, it holds 
inf Jx{a) > Ja(0) = > sup Jx{a). 

\a\=r \a\=R 

Then Jxj has at least k pairs of distinct critical points {ax, —ax) in -6(0, R). 
We can assume that ax a G B{0,R) as A —i- Xj. By ()4.4|) we get 
VJA^.(aA) = ^VJA(aA) - V^xiax) = -V^xio-x), and since $a goes to zero 
C^— uniformly on B{0,R) as A — > Xj, we get \7Jx^{a) = 0. That proves our 
claim. □ 

Proof of Theorem M.R The claim follows by Lemma 14.11 and Proposition 
Ol □ 



5 Some uniqueness results 

First of all we describe the asymptotic behaviour of the solution ux of prob- 
lem p.l|) bifurcating from the eigenvalue Aj as A goes to Xj. 

Proposition 5.1. Letux be a solution to problem (jl.lj) such that ||ua||x 
goes to zero as X goes to Xj. Then for any X sufficiently close to Xj there 
exist a\, . . . ,a^ E M and ipx G Kj- such that 



Ux = (Aj - A) 



where (j)x ^ in X and a'^ — > a*, i = 1, . . . , k, as X goes to Xj. Moreover 
a = (a^, . . . , a'^) is a critical point of Jxj . 

Proof. We prove our claim when > 3 and p > We argue in a similar 
way in the other cases. 

The function vx = << ^\ solves the problem 

(—Av = Xv+\\ux\\Z; ^Ivl^^'^v in i7 
(5.1) 
V = on d^l. 
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Up to a subsequence, we can assume that, as A goes to Xj, v\ ^ v weakly 
in X and strongly in L'^(r2) for any q G [l, ■^^)- By (|5.H) we deduce that v 
solves —Av = XjV in fi, u = on dfi and, so, v G Kj. 
We claim that v 0. Indeed, if v = by (|5.H) we get 

\Vvx\'^ dx = X / (ix + IIuaIIx ^ / \'vx\'''~^^ dx 



IX 

Q 



and passing to the limit as A goes to Aj we deduce that ||^;a|[ goes to zero, 
since HvaHp+i is bounded. Moreover by (|5.1|) and Lemma we get 



\\vx\\s < C A Uv^ + K^A X ""A pivs 

and by interpolation (since 1 < < s) II^aIIs ^ as A goes to Xj. 

Finally a contradiction arises since II^aIIx = 1- 

Now it is easy to check that there exist b\, . . . S M and il^x £ Kj- such 

k 

that vx = ^x^i + V'A and, as A goes to Xj, HV'aIIx —* (using Lemma 
1=1 

and b\ ^ b'', i = 1, . . . ,k (see also jl3j for analogous properties in presence 
of more general nonlinearities) . 

We want to prove that there exists A such that 

"^•^"^ ' A > as A goes to Aj. (5.2) 



A, -A 



Multiplying (|5.1|) by Cj, we deduce that 

b\{Xj-X) = \\ux\\^^ \vx\^'^vxeidx, i = l,...,k. (5.3) 



We recall that, as A goes to Xj, b\ — > 6* and 6* 7^ for some i, since f / 0. 

We also point out that, as A goes to Xj, J \vx\^~^vxei —>■ J \v\^~^vei (since 

n n 

vx ^ V strongly in X), and / |i;|^~^fej 7^ for some i (since f \v\p^^ ^ 0). 

n n 

11 ||p— 1 

Then by ()5.3() we deduce that, as A goes to Xj, ^^^-^ goes to A E M, A 7^ 
and also that 



A / \vF ^vci dx = A 



n 



h=l 



p-1 



^b^eh]eidx. (5.4) 



\h=i 
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By H5.4p we easily deduce that A > and ()5.2|) is proved. 

f ^ ■ \ 

Finally, we can write u\ = {Xj — X)p-'^ I Yl + '/'A ) i where a\ = 

]_ . ]_ 

||^A||x(Aj — A) p~^h\ and (j^x = ||tiA||x(Aj — A) p-'^ipx- Moreover, as A goes 

1 

to Xj, ax goes to a = A^-i b and by (|5.4j) we deduce that a is a critical point 
of . That proves our claim. □ 

Secondly, we prove that any non degenerate critical point a of Jxj gener- 
ates a unique solution ux bifurcating from the eigenvalue Xj which satisfies 

Proposition 5.2. Suppose that a is a non degenerate nontrivial critical 
point of the function Jxj defined in H1.4|) . Then there exists 5 = S{Xj) > 
such that for any X E {Xj — 6, Xj) problem (|2.1j) with e = Xj — X has a unique 
solution Ux such that ux = axe + (f)x^ where ax ^ a in M'^', (0;^, Cj) = for 
any i = 1, . . . , k and \\(j)x\\x ^0 as A — > Aj. 

Proof. Step 1. Existence 

Since a is a non degenerate critical point of Jx^ , by Lemma [4. 2 1 we deduce 
that there exists 5 > such that for any A G {Xj — 5, Xj) the function Jx has 
a critical point oa such that ax goes to A goes to Xj . Then by Lemma 

14.11 we deduce that the function ux = axe + (px{0'\) is a solution to problem 
1)2. 1|) . with {(f)x,ei) = for any i = 1, . . . ,k and ||(/>a||x — as A — >■ Xj. 
Step 2. Uniqueness 

Let Ux and vx be two solutions of (|2.1() such that ux = axe + 0a and 
v\ = bxe + Tpx, where (px,i^x e Kj-, ax,bx go to a and ||(^a||x, II^aIIx go to 
zero as A goes to Xj. 

Assume by contradiction that ux 7^ f a and consider the function 

^^A - ^^A 

Ipa - vxW 

It is clear that zx satisfies the problem 

-Azx = Xzx + {Xj - X)— — mO 

\\ux-vx\\ (5.5) 

za = on 5^7. 

We point out that by the Mean Value Theorem there exists € (0, 1) 
such that 

^^:'^-^^f^ =f'{nx + ^{ux-vx))zx. (5.6) 
\\ux - VxW 
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We also remark that /' (u\ + '&{ux — vx)) converges to f'{ae) strongly in 
as A goes to Xj. 

Up to a subsequence, we can assume that z\ z weakly in HQ(r2) and 
strongly in L'?(r2) for any \ < q < Moreover, by H5.5|) we deduce that 

there exists a = (ai, . . . , Ofc) G such that z = ae = Yl\=i o^i^i- 

Now, multiplying 1)5.5(1 by e^, i = 1, . . . , A;, and using (|5.6() . we deduce 

zxeidx= / f {ux + -d{ux-vx))zxeidx 



and passing to the limit, as A goes to Aj, we get Oi = J f'{ae)zei dx for any 

i = 1, . . . , A;. Therefore a is a solution of the linear system T-LJxj{a)a = 0, 
where 7iJxj{a) denotes the Hessian matrix of J at a. Since a is a non 
degenerate critical point of J^ ., we deduce that a = 0, namely z = 0. 

On the other hand, multiplying l|5.5() by zx, and using (|5.6() . we deduce 

VzaP dx = \ I z\dx + {Xj — X) f' {ux + '&{ux — vx)) z\ dx 



and passing to the limit, as A goes to Xj, we get \\zx\\ 0. Finally, a 
contradiction arises since ||za|| = 1- D 

Finally, we compute the Morse index of the solution ux generated by a 
critical point a of Jx^ (see (|1.4() ) in terms of the Morse index of a. 

We recall that the Morse index of a solution u of problem (|1.1|1 is the 
number of negative eigenvalues /i of the linear problem 



or equivalently 



v-i* [Xv + f\u)v\ = iiv, v€ Hj(0) 
j -{1 - ^i)Av = Xv + f'{u)v in n, 



V 



on on. 



We point out that the function u, which solves problem (|1.1() . and the 

function v = e r^u, which solves problem (|2.1|) . have the same Morse 
index. 

k 

Proposition 5.3. Let ux = a\ei + </>a be a solution to ()2.1j) such that 

i=l 

lim \\(j)x\\x = 0, ^lira a\ = a* and (a^, . . . ,a^) is a non trivial critical point 
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of Jx (see ()1.4|) ). If the Morse index of a is m, then the Morse index of u\ 
is at least m + j — 1. Moreover if a is also non degenerate, then the solution 
u\ is non degenerate and its Morse index is exactly m + j — 1. 

Proof. We denote by < //^ < • • • < ^u^ < . . . the sequence of the eigen- 
values, counted with their multiplicities, of the linear problem 

(-il-li)Av = Xv + i\j-X)f'{ux)v inn, 
\v = on dCl. 

We also denote by v\ € HQ(r2), with \\vW\2 = 1, the eigenfunction asso- 
ciated to the eigenvalue fi\. 

It is clear that, as A goes to Xj, eigenvalues and eigenfunctions of 1)5 .71) 
converge to eigenvalues and eigenfunctions of the linear problem 

{ — (1 — iJ,)Av = XjV in Q, 
V = on dfl, 

whose set of eigenvalues is 
A 



'-AT 



■3 

, . . . , 




Therefore, if A is close enough to Xj, we can claim that //l^, . . . , /i-^ ^ are 
negative and they are close to 1 — . . . , 1 — j^^, respectively, and that 

fJ,■'^^'^ is positive and close to 1 — 

Therefore, it remains to understand what happens to the k eigenvalues 
/ij^, . . . , /x-^"'''^"^, which go to zero as A goes to Xj. 

We claim that 

lim A,- = A', where < • • • < A'', I = 1,... ,k, and 



A' are the eigenvalues of the Hessian matrix TUx (a) 



A^A, - ^ , , , , ^^^^ 



^1^' ^, with ||t'^||2 = 1, i-e. 



For any / = 1,...,A; we denote by an eigenfunction associated to 

-(1 - '-')A^i = Xv{ + {Xj - X)f{nx)v{ in ^, 9^ 
Vx = on dQ. 
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Then we can write 

k 



i=l 

e,) = 0, i = 1, . . . , fc, {v{,vl) = if / ^ s, (5.10) 



Now, up to a subsequence, we can assume that for any / = 1, . . . , /c and 
i = l,...,k, V'a ~^ V'' and b''^^ — > 6''* as A goes to Xj. Then — > := 

k 

b^^'^ei + as A goes to Xj. We point out that the convergence in Hj!|(r2) is 

i=l 

strong, since t;^ solves equation ()5.9() and does not go to 1 as A goes 

to Xj. 

First of all we claim that ip'' = for any I = 1, . . . ,k. In fact by (|5.9)) we 
deduce that for any I = 1, . . . ,k and for all v E HQ(ri) it holds 

(l-^{+'"^) j Vv{Vvdx = X J v[v dx + {Xj - X) J f{ux)v{vdx, 
n n u 

and passing to the limit as A goes to Aj 

J Vv^Vv dx = Xj j v{vdx W v e HJ(0), 

that is is an eigenfunction associated to the eigenvalue Aj, so that i/^^ = 0. 
Therefore by (|5.1U|1 we deduce that 

= if / / s and J]] (^5^'*)^ = 1 V/ = 1,...,A;. (5.11) 

1=1 1=1 

Now, if we multiply 1)5. 9(1 by e^, we get for any i = 1, . . . ,k and for any 
I = 1, . . . , k, 

(1 - i^i^'-')X,b';: = Afe^;' + (A, - A) y f'iuxWxe^dx, 

n 

that is 
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Now, since as A goes to Xj 

k 



n 



,i=l 



n 




by H5.12() and by ()5.1ip we deduce that for any / = 1, . . . ,k, when A goes 

j+i-i 

to Xj, _x converges to an eigenvalue A' of the matrix 'HJ{a) and also 
that b{e converges to the associated eigenfunction 6^e, since 



6''* ( 1 - a' 




n 

i.e. HJ{a){b^e) = K\h^e). 

Since a has Morse index m, there are m eigenvalues A' which are neg- 
ative, so that at least m eigenvalues /i^ are negative as well, provided A is 
close to Xj. 

Finally, if a is non degenerate, all the A''s are different from 0, so that, 
if A is near Aj, there are exactly m negative eigenvalues as claimed. □ 

Proof of Theorem Al.Si . 

The claim follows by Proposition 15.21 and Proposition 15.31 □ 

Proof of Theorem The claim follows by Proposition 15.11 and Theorem 
Ol □ 

6 Examples 

In the first example we compute the Morse index of the solutions bifurcating 
from a simple eigenvalue. 

Example 6.1. If Aj is a simple eigenvalue, then there exists 6 > such that 
for any A G {Xj — S,Xj) the problem (|2.1|) has exactly one pair of solutions 
{ux, —Ux) bifurcating from Xj, whose Morse index is j. 

Proof. In this particular case the function Jx^ reduces to Jx^ (a) = — 
-^|a|P'*'^ / leil^'*'^. It is easy to prove that Jx^ has exactly two (non trivial) 
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critical points, ao := ^/lei]^"^^^ and —uq, which are non degenerate 
and have Morse index 1. The claim follows by Theorem 11.21 and Theorem 

□ 

In the second example we study solutions bifurcating from any multiple 
eigenvalues when O is a rectangle in M^.. 

Example 6.2. Let Q = (0, L) x (0, M) be a rectangle in M^. Let Xj be an 
eigenvalue for 0,, which has multiplicity k. Then there exists 6 > such 
that for any A G {Xj — 6, Xj) problem (|2.1|) with p = 3 has exactly ^ pairs 
of solutions {u\,—u\) bifurcating from Xj. In particular, if A: = 2 problem 
(|2.1|) has two pairs of solutions with Morse index j + 1 and two pairs of 
solutions with Morse index j and if A: = 3 problem (|2.H) has three pairs of 
solutions with Morse index j + 2, six pairs of solutions with Morse index 
j + 1 and four pairs of solutions with Morse index j. 



Proof. We know that X, = + ^ = 1, . . . ,k, where n., G N 

with rii 7^ ni and rrii ^ mi \i i ^ I. The eigenspace associated to Xj is 
spanned by the functions 



X, y) = \ sm X sm z = 1, . . . , fc. 



Taking in account that 



eidx = J efiCi dx = ii i,h ^ I 
n n 



and also that 



a 



:= / efdx = ^LM and (3 := [ ejef dx = —LM, 
J 64 J 16 



the function Jxj : M'^ — > M introduced in (|1.4j) with p = 3 reduces to 

j=l i=l 
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We can compute 

— (a) = ai — aaf — 3f3ai af, i = 1, . . . , k (6-1) 



and also the Hessian matrix Ti-Jx- (a) 

/ ^ \ 

1 — 3aaf — 3/3 ^ — 6/3aia2 . . . — 6/3oiafc 

k 

— 6/3aia2 1 — 3aa2 — 3/3 ^ ... — 6/3a2afc 



— 6/3aiafc —Q(5a2ak ... 1 — 3aa^ — 3/3 ^ 

;=i . 
i^k / 

(6.2) 

Let us consider the case A; = 2. It is easy to check that 1)6. 1|) reduces to 

(ai, 0-2) = 0,1 — aai — 2>(3aia2 



dai 

^(ai, 02) = 02 - aa2 ~ 3/3a2ai 
da2 



and also that (|6.2|1 reduces to 

, \ _ 1 ~ 3aaf — 3/3a2 — 6/3aia2 
W Ja, (ai, a2) - _g^^^^^ _ 3^^2 _ 3^^2y • 

Let 71 := Q"-*^/^ and 72 := (a + 3/3)^"*^/^. Therefore Jx- has exactly the 
following (non trivial) critical points: (0,ib7i), (±71,0), which have Morse 
index 2 and (72, ±72) and (—72, ^72)) which have Morse index 1. Therefore 
the claim follows by Theorem 11.21 

Let us consider the case A; = 3. It is easy to check that (|6.1|) reduces to 

dJ\ 

—^(01,02,03) = ai - aa\ - 'i(3ai[a\ + a\) 
oai 

dJ\ 

^ (01,02,03) = 02 — — 3f3ai[a\ + 03) 
002 

d J \ ■ q 00 

^—^(01,02,03) = 03 - acg - 3/3ai(ai + 02) 



21 



and also that the Hessian matrix 'HJ\,{ai^a2-,a^) (|6.2|1 reduces to 



'1 - 3aaf - 3/3(ai + al) 

—6f3aia2 1 
— 6/3aia3 



6/?aia2 

- 3/3(a2 + al) 
6/?a2a3 



— 6/3aia3 

-6/30203 

1 - 3aa| - 3/3(af + a 



Let 71 := 0"^/^ 72 := (a + 3/3)-i/2 ^nd 73 := (a + Gpy^^^. Therefore Jx^ 
has exactly the following (non trivial) pairs of critical points: 

Al := (0,0,71), A2 := (0,71,0), ^3 := (71, 0,0) 

:= (0,72,72), A5 := (0,72,-72), Aq := (72,0,72), 
A ■■= (72,0,-72), ^8 := (72,72,0), Ag := (72,-72,0), 
Aio := (73,73,73), ^11 := (73,73,-73), 



A 
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(73,-73,73), ^13 := (-73,73,73) 



and —Ai for i = 1, . . . , 13. A simple computation shows that Ai and —Ai 
have Morse index 3 if i = 1, 2, 3, that they have Morse index 2 if z = 4, . . . , 9 
and that they have Morse index 1 if i = 10, . . . , 13. Therefore the claim 
follows by Theorem 11.21 

In the general case, the function Jx has 3^^ — 1 critical points of the 
form (0, . . . , 0, ±7j, . . . , ±7^, 0, . . . , 0) which are non degenerate, where 7^ := 

k 

[a + 3{i — 1)^]^^^"^ for i = l,...,k. Let us compute the Hessian matrix 
nJx (a) (ESI) at the point a = (0, . . . , 0, ±7^, . . . , ±7^, 0, . . . , 0). We have 



1 



[a + 3(i- 1)/ 
where the i x i matrix Ai is given by 

/-2a -6/3 ... -6/?\ 
-6/? -2a ... -6/? 



Ai 
B, 



{aby 



I 32 



\-6/? -6/3 ... -2a/ \ 
and the {k — i) x (k — i) matrix Bi is given by 



Bi 



/a - 3/3 
a -3/3 

\ 



/- 



a - 3/3/ 



_3_ 

64 



V 



3 

"32 



_3_ 

64 



/ 

32/ 



\ 




_3_ 

64/ 
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□ 

In the third example we study solutions bifurcating from the second 
eigenvalue when is a cube in M^. 

Example 6.3. Let = (0,7r) x (0, vr) x (0, vr) be the cube in R^. In this 
case A2 = 6 is the second eigenvalue for 17 and it has multiplicity three. 
Then there exists 6 > such that for any A € (A2 — ^, A2) problem H2.1|) 
with p = 3 has exactly 13 pairs of solutions {ux, —ux) bifurcating from A2. 
Moreover three pairs of solutions have Morse index 3, six pairs of solutions 
have Morse index 2 and four pairs of solutions have Morse index 1. 

Proof. The eigenspace associated to A2 is spanned by the functions 

As" 

ei(x, y, z) = \^ smxsmy sm 2z, 

V TT'^ 

e2{x,y,z) = ^/-^sinxsin2y sinz, 



ei{x,y,z) = y — ^ sin23;sinysinz. 
Taking in account that 

J e\e2dx = J e{e2e'idx = 



and also that 



a :- 



n 



27 f 

efdx = ^— g and /? := / e\e\dx 



3 

2^' 



the function Jx^ with p = 3 reduces to 

Ja^- (01,02,03) = ^{al + al + al)-^a{a\ + a2 + af)-'^l3{alal + alal + alal). 

Therefore the claim follows by Theorem ll.2| arguing exactly as in the 
previous example in the case = 3. □ 
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